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Abstract. We construct, for each irrational number a, a minimal C^-diffeoniorphism 
of the circle with rotation number a which admits a measurable fundamental 
domain with respect to the Lebesgue measure. 



1. Introduction 



The concept of ergodicity is important not only for measure preserving dynam- 
ical systems but also for systems which admits a natural quasi-invariant measure. 
^ ■ Given a probability space (X, /i) and a transformation T of X, /i is said to be 

l/^ I quasi-invariant if the push forward Th</x is equivalent to ii. In this case T is called 

OO . ergodic with respect to /i, if a T-invariant Borel subset in X is either null or conull. 

A diffeomorphism of a differentiable manifold always leaves the Riemannian vol- 
ume (also called the Lebesgue measure) quasi-invariant, and one can ask if a given 
|0 I diffeomorphism is ergodic with respect to the Lebesgue measure (below ergodic for 

short) or not. Answering a question of A. Denjoy [D], M. Herman (Chapt. VII, 
p. 86, [H]) showed that a C^-diffeomorphism of the circle with derivative of bounded 
variation is ergodic provided its rotation number is irrational. See also Chapt. 12.7, 
p. 419, [KHj . Contrarily Oliveira and da Rocha |OR) constructed a minimal C^ 
diffeomorphism of the circle which is not ergodic. 
^ I At the opposite extreme of the ergodicity lies the concept of measurable funda- 

mental domains. Given a transformation T of a standard probability space (AT, /i) 
leaving /z quasi-invariant, a Borel subset C of X is called a measurable fundamental 
domain if T'^C {n G Z) is mutually disjoint and the union Ungz^^C is conull. In 
this case any Borel function on C can be extended to a T-invariant measurable 
function on X, and an ergodic component of T is just a single orbit. The purpose 
of this paper is to show the following theorem. 
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Theorem 1.1. For any irrational number a, there is a minimal C^ -dijjeomorphism 
of the circle with rotation number a which admits a measurable fundamental domain 
with respect to the Lebesgue measure. 

The rest of the paper is devoted to the proof of Theorera 11.11 

2. A measurable fundamental domain for a Lipschitz homeomorphism 

For the sake of simplicity, we first consider the case of a = (\/5 — l)/2, the 
inverse of golden ratio. We regard the circle S^ as R/Z. Suppose R denotes the 
rotation by a. Define a Cantor set C in the circle by 

oo 

C' = (E :^ I ^fe = or 1} (mod Z). 
fc=i "^ 

Note that all numbers in C are well approximable by rational numbers. 
Claim 2.1. R'^C f] R^C ^ ^ for any integers n^m. 

Proof. Suppose x £ K'^C n R"^C, then x — na, x — ma G C, therefore 

{~n + m)aeC+ {-C) := (E ^ I 4 = or ±l} (mod Z). 

fe>3 

{—n + m)a is badly approximable, while C + (— C) consists of well approximable 
numbers, which is a contradiction. D 

See Section m for the detail and the general case. 

Fix a probability measure /io on C without atom such that supp(/io) — G. We 
also choose a sequence {ai)i(zz of positive numbers satisfying J2iez ^i ~ 1- Now we 
can define a probability measure /i on S^ by 

pt ■.= ^aiRl^.Q. 

iez 

The Radon-Nikodym derivative — -^—^ is equal to ^^^ on the set R^C. Now we 

assume that ^^^ £ I"^' ^] ^'^^ some D > I, then it follows that — ^—^ £ L°°{S^,ii). 
We define a homeomorphism h of S^ by ft.(0) — and h{x) = y if and only if 
Le6[0, x] = /i[0, y], where Leb denotes the Lebesgue measure on 5^; or more briefly, 
/i, Leb = /i. Finally define a homeomorphism F of S^ by F := h^^ o Ro h, then 

dF-^ Leb dR-^^i tooiqI r ^ 

i.e. the map F is a Lipschitz homeomorphism. The set C — h^^C \s a. measurable 
fundamental domain of F. 

3. Make it C^ 

3.1. What shall we do? To prove the Theorem, we are trying to make the 
Radon-Nikodym derivative g = — ^^-^ continuous on 5'"'^. 
Fix an arbitrary point xq £ C. For a positive integer i, 
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a, = (ajat^i) ■ ■ ■ {a2/ai){ai/ao)ao 
= .g(i?'"^a;o) ■ • • g{Rxo)g{xQ)ao, 
a-i = (a-j+i/o-i)"^ • • • (a_i/a_2)"^(ao/a-i)"^ao 
= g{R-'xo)-' ■ ■ ■ giR-^xo)-'giR-'xo)-'ao. 

Set (f> = \ogg and define a map $: S*^ xM ^ 5^ xMby ^{x,y) = {Rx,y + (f>{x)). 
Simple calculation shows that $"(a;, y) ~ {R^x, y + (j)'^^^{x)) where 

rn—l 

^^(a;) = ^ 0(ffx) (m>0), 

4=0 
(•3 1) ™ 

(jy^-'^^x) = ~J2 <f>(R''x) (rn > 0), 

i=l 

4>'^°\x) = o. 

Therefore a^ — exp{(f>'-'^> {xo))ao. To satisfy J^iez'^i ~ ^^ i* suffice to find (f> so 
that X^iez^xpC^^^H^^o)) < 00. 

3.2. Construction step I. Now we forget about a^'s and the Cantor set 
C. As a first step, we are going to construct a function (p G C{S^) satisfying 
J2ie7.^-'^P^^^^^ ^^0)) < CJO for a single point xq, where 0^*^ are defined by (|3.ip . 

We are going to define continuous functions (pn & C{S^) {n G N) in such a way 
that X^i^ill'^nlloo < ^'o- Then = X^Si '^" converges uniformly, thus (j) is also 
continuous. 

Fix an integer n E N. Choose a sufficiently small neighbourhood J of xq so 
that R^^ J, ■ ■ ■ , R^^J, J, RJ, ■ . ■ , R^ ~^J are disjoint. Consider a bump function 
/ on J so that supp/ C J, /(xq) = (3/4)" and < f{x) < (3/4)" on J\{xq}. 
Define (/)„ : S^ ^ R by 



</'n(a:^) 



,(i), J = -|i|(3/4)" /or-2"<i<2^ 
Lemma 3.1. ^^(xo) L J , ." " 

< (J /or any z G Z. 



Proof. The equality for the first case is trivial. Define an increasing se- 
quence (m-fe)fegz by niQ = and {mk\k G Z} = {m G Z\R"^xq G J}. Since 
i?~^ J,...,R^ ^^J are disjoint, ?Tife+i — mk > 2"+^ for any A: G Z. Using this 
sequence, R™xo G i?* J if and only if to = nik + i for some k. Therefore, 



-f{R-'x) xeR'J,i^ 0,1,. 


. . , 2" - 1 


f{R-'x) X G R'J, i = -2", 


-2" + !,. 


otherwise. 





{(/)(*) (xo) mfe_i - 

(/)W(xo) + /(i?"'=xo) mk-'. 
(/.W(xo)-/(i?"'=xo) mfe<i 



UW(2;o) mfe_i+2"<z<TOfe-2^ 

j^ _ 2^'- < i <: ruk 
k<i<mk + 2" 
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i?2"-ixn i?"'=+2"-ia 
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xo W'-'-xq 



R~^J 



R-^Xo i?"'=-ia;o 



R-'J 



R-^xo R"'"'-^xa 



R-^"J 

R-^^xq R''""'-^"xo 
Figure 1 . The graph of 0„ and the orbit of xq 



for some k. Induction for |fc| shows that 

-2" • (3/4)" TOfc-i + 2" < i < TOfc - 2" 

</.(') (xo) = <( -2" • (3/4)" + {i- (TOfe - 2"))/(ii'"'=xo) TOfc - 2" < ^ < mfc 

-2" • (3/4)" + ((mfe + 2") - i)f{R"^''xa) nik < i < ruk + 2". 



Since f{R""<'Xo) < (3/4)", the inequahty (ji^'Ha^o) < also holds. 



D 



Therefore, if 2" < \i\ < 2"+^, (f>'-'\xo) < (t>nli{xo) = -|i|(3/4)"+i < -2" • 
(3/4)"+i = -3/4- (3/2)". Finally, E.ez exp(0«(xo)) < 1 + E^^o 2"+' cxp(-3/4- 
(3/2)") = M < cx). 
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3.3. Construction step II. We will execute the same argument for the Can- 
tor set C instead of the single point x^. Since R^^ C, . . . ,C, . . . ,R^ ^^C are dis- 
joint compact sets, there exists an e-neighbourhood iV of C such that R^^ N, . . . ,N, 
. . . ,R^ ~-^N are disjoint. Define a bump function / so that supp f C N, f{x) — 
(3/4)" on C and < f{x) < (3/4)" on iV \ C. Now we apply the same argu- 
ment as in the previous subsection, to obtain the function e C{S^) such that 
^jg2exp((/)(*)(a;)) < M < oo for any x G C. 

We define a finite measure /i on 5^ by 



:=^(expo</,Woi?-^)i?>o. 



/si d-f^' 



Normalize /2 to obtain a probability measure fj,, namely /i :— 
Define h and F as in the section [2l then 

df -1 Leb ^ dR-^^i ^ ^ ^ ^^ 
d Leb dfi 

is a continuous function because g{x) = exp((j){x)). We proved Theorem II . II for the 
case a = (Vs — l)/2. 

4. Construction of Cantor set for general a 

For general irrational number a, it is enough to find a Cantor set C that satisfies 
Claim [2T1 For a real number x and a function p: N — )• N, define the approximation 
constant Cp{x) by 

Cp{x) := liminf lp{q) ■ dist(a;, ^Z) 
g— s-oo V ^ y 

A real number x is said to be p-approximable if Cp{x) — 0. Note that x is well 
approximable if x is p-approximable for p{q) — q^ , so this is a generalization of 
well-approximability. 

It is clear that Cp(x) = if a; is rational number. On the other hand, for any 
irrational number x we can find a function p satisfying Cp{x) > 0. Moreover, we 
will show the following lemma. 

Lemma 4.1. For a given irrational number a, we can find a function p such that 
Cp{ma) > 1 for any nonzero integer m. 

Proof. Since Cp{—mx) = Cp{mx), it is enough to show the lemma for the case 
m (z N. Let us start for any natural numbers n and q by taking a natural number 
Pn{q) so that Pn{q) ■ dist(na, -Z) > 1. Then define a function p by 

p{q) ^ max p„(q). 

l<n<q 

By this construction p{q) > PmiQ) foi" any q > m, therefore 
Cp{ma) — hniinf {p{q) • dist(77ia, -Z) ) 

> hminf [Prn{q) • dist{ma, -Z) 

g— J-oo \ ^ 

> 1- 
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For this function p, we inductively take an increasing sequence qo,qi,... of 
natural numbers satisfying the following conditions; qo — 1, qn\qn+i, qn/qn+i < 1/3 
and p{qn) / qn+i < 2~". Define a Cantor set C by 

oo 

C:={5:^|s„ = 0orl}. 

n—1 

This Cantor set C consists of p-approximable numbers. We can also show the 
following lemma. 

Lemma 4.2. For any /3 G C — C, the approximation constant Cp(/3) is equal to 0, 
where 

CXD / 

C-C={^^|4-0or±l}. 

n=l *' 



Proof. 

piq,) ■ dist(/3, -3-Z) < p{q,) 



n— z+1 



n— z-fl n— z+1 /e— 



Thus 



c„(/3) = liminf (p{q) ■ dist(^, ^Z 
liminf (p{qi) ■ dist(/3, — Z 



< limi 

3 



< lim inf 

= 0. 

Therefore Cp(/3) =0. D 

Claim 12.11 follows from Lemma 14.11 and Lemma 14. 2( so we proved Theorem 11.11 
for the general case. 
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